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Some asymptotic results about the sizes of certain sets of hereditarily finite sets, 
identity trees, and finite games are proven. 
1. INTRODUCTION 
Harary and Prins [6] introduced a famiiy of rooted trees called identiry 
trees; these are those trees for which the only automorphism fixing the root 
is the identity. (See [5] for graph-theoretical terminology not given here.) 
There is, as we shall see, a natural one-to-one correspondence between the 
family of identity trees and the family of hereditarily Jinite sets (see [4, 
pp. 35-36; 3, p. 1681). V arious quantities associated with hereditarily finite 
sets correspond to quantities associated with identity trees such as (i) the 
probability that the root has degree k, (ii) the expected degree of the root, 
and (iii) the expected number of exterior nodes in such a tree. In this paper 
we consider the asymptotic behaviour of these as well as of some other quan- 
tities, when the number of vertices in the trees approaches infinity. Before 
summarizing our results more explicitly, we describe the relation between 
hereditarily finite sets and identity trees. 
The family VW of hereditarily finite sets may be defined (see [4, 
pp. 35-36; 3, p. 1681) as the union U, V,, where V,=a and V,+] = 
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(X: Xc V,} for n > 0. There is a natural bijection (b between V, and the set 
N of the nonnegative integers, where 
for each XE V, (see [4, p. 491). This mapping, first defined by Ackermann, 
may be used to prove the equiconsistency of Peano’s first order arithmetic 
with the modification of the Zermelo-Fraenkel set theory in which the axiom 
of infinity is replaced by its negation; the structures (N, +, .) and (N, El), 
where x&e I-‘(X) E $-l(y), are definitionally equivalent (see [2; 3; 
p. 226; 111). 
The members of V, are perhaps easier to visualize in the following 
formulation [3, p. 2261. If H, = 4-‘(m) for m > 0, then Ho =: 0, 
Hm = {Hj, y**.y Hj,/ 
if and only if 
m = 2’1 + . . . + pk, 
where 0 < j, < .s. ( j, for m > 1, and 
v,= {H,,,ff,,H,,...l. 
The fh-st few sets H, are given in Fig. 1. (We remark that it is not difficult 
to show that V, = Hpc12+ ,)_, , where g(0) = 0 and g(j + I) = 2R(j1 for j > 0.) 
Ho=0 0 
H, = V&J = 101 
FIG. 1. Some hereditarily finite sets and the corresponding identity trees. 
The correspondence between identity trees and hereditarily finite sets can 
now be verified as follows. The trivial tree with a single vertex represents the 
set H, = 0. In general, the tree representing a nonempty set HE V, is 
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obtained by joining a new root-vertex to the roots of the trees representing 
the elements of H. (The trees corresponding to the first few sets H, are 
illustrated in Fig. 1). Notice that for each vertex v of such a tree, the prin- 
cipal subtrees at v, determined by the vertices separated from the root by v, 
are distinct; it is not difficult to see that this property characterizes identity 
trees and that every tree with this property represents some H E V,. In what 
follows we shall frequently refer to a set HE V, and its corresponding tree 
interchangeably and use the terminology of sets or trees whichever is more 
convenient. 
Suppose a game is played on a set HE VU as follows: player I chooses 
some element XE H, then player II chooses some element YE X; then 
player I chooses some element 2 E Y, and so on. Eventually, one of the 
player chooses the set 0 and the other player, who has no move available, 
loses. Thus the family V, is also isomorphic to the family of finite two- 
person win-lose games with perfect information in which the moves open to 
a player at each stage are essentially distinct. 
Our main object is to consider various natural parameters associated with 
the size of sets H E V, : first, the cardinality 1 H / of H; second, the parameter 
a(H) defined by the relation 
a(H) = 1 + c o(H); 
XEH 
and third, the parameter r(H) defined by the relations r(0) = 1 and 
z(H) = 7‘ t(X) 
XEH 
if H # 0. These parameters have the following combinatorial interpretations: 
IHI is the degree of the root of the tree representing H, a(H) is the total 
number of vertices in this tree, and t(H) is the number of exterior vertices in 
this tree (an exterior vertex is the root-vertex in the trivial tree or a non-root- 
vertex of degree one in a nontrivial tree). Notice that the parameter u is 
characterized by the relation 
x xQ,, (1 + x0(x)) = z: XUCH). (1.1) 
HEV, 
Let 
U,= {H:HE VW and o(H)=n} 
for n = 1, 2,..., and let u, = 1 U,,/. The sets U, provide a decomposition of V,‘, 
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which is perhaps more interesting, at least combinatorially, than the usual set 
theoretical decomposition by rank into the levels 
V,\V,- r = {H: HE V, and p(H) = n}, 
where the rank function p(H) is defined by the relation 
We determine the asymptotic behaviour as n + co of the following quan- 
tities, as well as of some others, in Sections 3-5, 
d,,(k)=i]{H: HE U,, and ]Hl=k}], 
n 
1 
p, = u ]{H: H E U,, and player I has a 
n 
winning strategy for a game played on H)j. 
Notice that if H denotes a tree chosen at random from a set of rooted 
identity trees with n vertices, then d,(k) is the probability that the root of H 
has degree k, D, is the expected degree of the root of H, N,, is the expected 
number of exterior vertices in H, and p, is the probability that player I has a 
winning strategy in a game played on H. Finally, in Section 6 we establish 
an identity involving forests, or collections, of rooted identity trees that is 
analogous to one of Euler’s identities on partitions [8, p. 2771. 
Our proofs are based on various identities similar to (1.1) and on analytic 
properties of appropriate generating functions. We shall omit the details of 
the numerical evaluation of the different limits that arise. We remark that 
analogues of some of the results in Sections 3 and 4 have been given earlier 
for other families of trees [ 10, 12, 141. 
2. PRELIMINARY RESULTS 
Let U(X) = CF u,x*, where u, = I U,, for n > 1; that is, u, is the number 
of hereditarily finite sets H such that a(H) = y1 or, equivalently, the number 
582b/35/2-5 
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of rooted identity trees with n vertices. It follows readily from the definitions 
of o and u, that 




If we take the logarithm of the product and interchange the order of 
summation, we find that 
U(x) =x exp 2 (-l)k-l U(xk)/k. (2.2) 
Harary and Prins [6] were the first to enumerate identity trees specifically 
by means of these relations (see also [ 13, p. 1611). Harary, Robinson, and 
Schwenk [7] deduced from these relations that U(X) is analytic when /x( < 
p = 0.3972..., except at x = p, and that there exist constants b; such that 
U(x) = 1 - bib -x)“* + b2@ -x) + b3@ - x)~‘* + ... (2.3) 
in some neighbourhood of x = p. They then appealed to a result of Polya 
[ 13, p. 2401 (see also [5, p. 2121) and concluded that 
(2.4) 
as n 3 co, where c = b,(p/4z)“* = 0.3625..., and where f, - g, means that 
f,/g, + 1 as n + co. (These values of p and c are given in the Errata to [ 71.) 
We shall use these results later. And, in order to exploit these relations in 
conjunction with other generating functions, we shall need the following 
lemmas. We let 5Fn{(f(x)} denote the coefficient of xn in the power series 
f(x); b and p denote positive constants. 
LEMMA 1. Let A(x) = Cr a,x” and B(x) = CF b,,.?‘. 
(i) Suppose there exist constants a,,B > 0 such that a,, = O@-“K~) 
and b, - bpmnne4 as n+ 03. If A@)#0 and ,8< l<a, then 
Fn{A(x) B(x)} -A@) b, as n + co. 
(ii) Suppose A( ) x converges when 1 x 1 < p + E for some E > 0 and that 
there exists a constant p > 0 such that b, - bp-*neD as n --f 03. If A@) # 0, 
then gn{A(x) B(x)} -A@) b, as n -+ co. 
LEMMA 2. Let B(x) = C;” b,x”. If b, - bp-nn-3J2 as n+ co and 
B@) # 0, then FR{B’(x)} - tBIP1@) b, f or each fixed positive integer t as 
n-+ 00. 
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LEMMA 3. Let B(x) = 2;” b,x”, where 0 < b, < bp-“n-3/2 for N > 1. 
Then there exists an absolute constant C such that the inequality 
gn{B’(x)} < Cp-“(t/n)3’2 (B(p))‘-’ 
holds for n, t = 1, 2 ,... . 
Lemma l(i) was proved in [9, p. 1621 and the proof of Lemma l(ii) is 
similar in nature. Lemma 2 may be proved by induction on t upon applying 
Lemma l(i) with a= 3 and ,8= f to the product {tB’-‘(x)} . {xl?‘(x)} = 
x@‘(x))‘. Lemma 3 may be proved as follows: If we differentiate B’(x) 
twice we find that 
n(n - 1) G${B’(x)} = t(t - 1) g*{B’-*(x)(xB’(x))*} 
+ tq{P’(x) X2B”(X)}. 
Now 
k-l 
sFk{(xB’(x))*} = otj-k) s v-“2(k- lp2 =.0(/I-“) 
u= 1 
and 
~k{x2B”(x)} = O@-kk”2). 
It follows, therefore that 
n(n - 1) gfi{B’(x)} = t(t - 1) O(B’-2@)p-“) + t O(B’-‘@)p-“n”2), (2.5) 
where the O’s involve constants independent of n and t. Since gR{B’(x)} = 0 
if t > n, we may assume that t < n. Then both terms on the right-hand side of 
Eq. (2.5) are O(B’-‘@) . p-nt3’2n1’2). The required result now follows upon 
dividing by n(n - 1). 
3. ON THE DEGREE OF THE ROOT OF ANIDENTITY'TREE 
Let U(x, z) = C u,,~z~x”, where u,,~ denotes the number of hereditarily 
finite sets H such that a(H) = n and lH] = k or, equivalently, the number of 
rooted identity trees with n vertices in which the root has degree k. It follows 
from the defiition of unk that 
cc 
z UtikZkX” = x n (1 + ZXCCH)) = x rj (1 + Zxn)‘*n. (3.1) 
HEY, 1 
We shall derive various results from this relation. 
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Let Q(x) = Cy q,,x”, where qn = J& (-l)k unk; thus q, is the number of 
hereditarily finite sets H with a(H) = n for which ]H] is even, minus the 
number of such sets for which IH] is odd; or, equivalently, the number of 
rooted identity trees with n vertices in which the root has even degree minus 
the number of such trees in which the root has odd degree. Let V, = q,,/u,,. 
At first glance one might expect U, to be small, especially when one recalls 
[8, p. 2851 that the partitions of n into an even number of distinct parts are 
equinumerous with those into an odd number of distinct parts except when 
n = $m(3m f l), and even then the difference is only (-l)m. The following 
result shows that, in general, the identity trees whose roots have odd degree 
significantly outnumber those whose roots have even degree; the reason for 
this will become apparent after Theorem 3. 
THEOREM 1. lim,,, v, = -Q@) = -0.1288... . 
ProoJ It follows from the definition of Q(x) and relations (3.1) and (2.1) 
that 
Q(x) = U(x, -1) = x 0 (1 - Xn)Un = Q(x’)/U(x>. (3.2) 
The function x/U(x) is analytic when Ix/ 6 p except when x = p, by (2.1) or 
(2.2). Furthermore, 
x/U(x)=p+b,p@-xx)“*+... 
in some neighbourhood of x =p, in view of (2.3). We may therefore 
conclude, appealing to a theorem of Polya [ 13, p. 2401 (see also (5, 
p. 2121) that 
as n + co. The function Q(x’)/x converges when 1x1 < p”*, so we may apply 
Lemma l(ii) to the product (Q(x’)/x)(x/U(x)) and conclude that 
9, - -Q@%, 
as n + c/3. This implies the required result since Q@) = Q@‘) by (3.2) and 
(2.3). (We remark that results corresponding to Theorem 1 for simply 
generated families of trees and rooted unlabelled trees are stated in [ 10, 
p. 318 and p. 3261). 
Let R(x) = 27 r,,xn, where r, = Ck kunk; then D, = r,,lu, is the average 
cardinality jH( of those hereditarily finite sets H for which o(H) = y1 or, 
equivalently, the average degree of the root in rooted identity trees with n 
vertices. 
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THEOREM 2. lim n~cO D, = 2 - Cz” (-l)k U@“) = 1.8602s.. 
ProoJ: If we differentiate the last expression for U(x, z) in (3.1) with 
respect to z and then let z = 1, we find that 
R(x) = U(x) 9 U,X”(l + xn))’ = U’(X) - U(X) f (-1)k U(x”). 
1 2 
The last sum converges when ]x I< p ‘I2 Thus we may apply Lemmas 2 and . 
l(ii) to the two parts of the expression for R(x) and conclude that 
as n + co. This implies the required result since U(p) = 1. 
We now introduce another definition. If f(x) is any power series, let 
Z,{f(x)} = 1 and 
Z,{f(x)} = c f$ ((-l)‘;lf(xi) )j’ (3.3) 
for k > 1, where the sum is over all solutions in nonnegative integers to the 
equation j, + 2j, + . . . + kj, = k. (We remark that Z,{f(x)} is the difference 
between what is obtained by substituting f(x) into the cycle indices of the 
alternating and symmetric groups of degree k; see [5, p. 481.) It follows from 
(3.3) that 
exp 7 -(-z)~ f(x’)/i = f Z,{f(x)} zk. 
0 
(3.4) 
If we differentiate both sides of (3.4) with respect to z and then equate coef- 
ficients of zkP1, we obtain the identity 
kZ,{f(x)} = f (-l)i-l j-(x’) z,-,{f(x)}. 
1 
(3.5) 
We now determine the limiting value of d,(k) = u,Ju,, the probability 
that (H] = k for a hereditarily finite set H such that o(H) = n or, 
equivalently, the probability that the root of an identity tree with n nodes has 
degree k. 
THEOREM 3. lim n-m d,,(k) =pZ,~,{U@)}, for each ,fixed positive 
integer k. 
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ProoJ: It follows from (3.1) and (3.4) that 
U(x, z) = x exp 2 -(-z)~ U(x’)/i = x 2 Z,{ U(X)} zk, 
1 0 
hence 
c U,kXR = xZ,{ U(x)} 
n 
for k > 0. Since Z,{ U(x)} is a finite sum of terms of the type 
G(x) uyx’) . *. W(Xk), 
and since each product 
uqx’) . . . ujqxk) 
converges when 1 x ] < p ‘I’, it follows from Lemmas 2 and l(ii) and definition 
(3.3) that, 
for each fixed positive integer k, as II -+ co. This implies the required result. 
If we let S,=pZ,-,{U@)} for k> 1, then 6, =p and 
k-l 
6, = (k - 1))’ c (-l)i-’ U(pi) 8,-i 
for k > 2, in view of relation (3.5). The first few values of 6, are as follows: 
6, = 6, = p = 0.3972..., 
8, = 0.1612..., 6, = 0.0376..., and 6, = 0.0059... . 
We remark that results analogous to Theorems 2 and 3 for rooted 
unlabelled trees have been given by Palmer and Schwenk [ 12, p. 119 and 
p. 1211 and Robinson and Schwenk [14, p. 3701. It follows from (3.1) and 
Theorem 3 that 6, < p/(k - l)! for k > 1. Thus the values of 6, decrease 
much more rapidly than do the corresponding numbers for the family of 
rooted unlabelled trees where the decrease is only geometric in k (see [ 15, 
p. 78]), but we shall not pursue this futher here. 
We remark that if G is a specific member of V, and s,(G) denotes the 
number of sets HE U, such that G E H, then it is not difficult to show that 
s,(G)/u, + p”“‘/( 1 + /Y’G’) 
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as n * co. In particular, since $(H) is odd if and only if 0 E H, it follows 
that the probability that i(H) is odd when H E U, approaches p( 1 + p))’ = 
0.2842... as n -+ 00. 
4. THE EXPECTED NUMBER OF EXTERIOR VERTICES IN IDENTITY TREES 
Let E(x, z) = C e,kzkxn, where enk denotes the number of hereditarily 
finite sets H such that a(H) = n and z(H) = k or, equivalently, the number of 
identity trees with n vertices, k of which are exterior vertices. It follows from 
the definition of enk that 
C enkzkxn = x(z - 1) + x JJ (1 + zTCH’xuCH)) 
HEY, 
= x(z - 1) + x n (1 + zkxn)Q. 
n,k 
(4.1) 
The term x(z - 1) is present to correct the contribution to E(x, z) of the 
trivial tree corresponding to the empty set. 
We observe, for later use, that it follows from (2.2) that 
where 
xU’(x)(l - U(x)) = U(x) V(x), (4.2) 
V(x)= l-&,x*n(l +xn))‘= 1-Z(-x)iU’(xi). (4.3) 
1 2 
Relations (2.3) and (4.2) imply (see [7, p. 4931) that 
V(p) = ;pb; = 0.8258... . (4.4) 
Let M(x) = 2;” m,x*, where m, = Ck ke,k. We now determine the 
limiting behaviour as n + co of N, = m,/u,, the expected number of exterior 
vertices in an identity tree with n vertices. 
THEOREM 4. lim,,, (N&z) = (2/pb;){p - 2;” (-1)’ M@‘)} = 0.3 lo... . 
ProoJ: If we differentiate the last expression for E(x, z) in (4.1) with 
respect to z, set z equal to 1, and observe that E(x, 1) = U(x), we find that 
M(x) = x - U(x) -f (-l)i M(x’), 
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M(x)=xU’(x)(V(x))-’ /x/0(x)-f (-1)%(x’)/, 
2 
(4.5) 
upon appealing to (4.2). 
It follows from (4.3) that V(x) has radius of convergence ,D”~; 
furthermore, it is not difficult to show that (4.3) and (4.4) imply that 
V(x) # 0 when 1x1 < p + E for some E > 0. Hence l/V.(x) has a converging 
power series expansion for 1x1 ( p + E; conseqently Ffi’,( l/V(X)} = 
O(@ + E)-“), so the relation gn’,( l/V(X)} = O@-“K~‘~) certainly holds. 
We saw earlier that gti{x/U(x)} = O@-“K~‘~). Since the function 
x4” (-1)’ M(x’) h as radius of convergence P”~ > p, it follows that the coef- 
ficient of x* in the last factor on the right hand side of (4.5) is also 
O@PK3’“). 
We now apply Lemma l(i) to (4.5) twice; first with XV(X) as B(x) and 
l/V(x) as A(x), and then with xU’(x)/V(x) as B(x) and the last factor as 
A(x). This permits us to conclude that 
m, - nu,(uJJ))-* p/U@) -2 (-l)iM@‘) . 
i 2 i 
This implies the required result since U(p) = 1 and I’@) = $pbf . We remark 
that the corresponding result for vertices of degree 1 in rooted unlabelled 
trees as well as results on vertices of higher degree were given by Robinson 
and Schwenk [14, p. 3691. 
5. GAMES ON IDENTITY TREES 
Suppose two players play a game on a finite rooted tree as follows. The 
first player moves a marker from the root of the tree to some neighbouring 
vertex; then the second player moves the marker from that vertex to some 
neighbouring vertex that is further from the root; they continue moving alter- 
nately away from the root until one player cannot move and loses thereby. 
(See, e.g., [ 1, Chap. 61.) We say that a tree is a type I or a type II tree 
according as the first or the second player to move in a game on that tree 
has a winning strategy. It is not difficult to see that every finite tree is either 
type I or type II and that a tree is a type II tree if and only if it is the trivial 
tree with a single vertex or a nontrivial tree all of whose branches are type I 
trees. Identity trees thus represent finite two-person games with perfect infor- 
mation without ties or repetitions in which the moves open to a player at any 
given stage are essentially distinct. 
Let W(x)=CF w,x” and L(x) = CF l,,x*, where w, and 1, denote the 
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number of type I and type II identity trees with n vertices; thus 
W(x) + L(x) = U(x). w e now determine the limiting value of .p, = w,/u, , the 
probability that the first player has a winning strategy for a game played on 
identity tree with yt vertices. 
THEOREM 5. lim,,, p, = (1 + Lb))-’ = 0.6285... . 
ProoJ It follows from the characterization of type II trees that 
L(~)=xfi(l +x”)wn=xexpf (-l)k-’ W(xk)/k. 
I 1 
If we differentiate the relation with respect to x we find that 
(5.1) 
XL’(X) = L(x) 
i 
1 - 2 (-X)” wl(x”) . 
I I 
Since L’ = U’ - W’, this can be rewritten as 
x W’(x) = xU’(x)( 1 + L(x)) - ’ - L(x)( 1 + L(x)) - ’ U(x), (5.2) 
where 
Y(x) = 1 - 2 (-x)” W/(x”). 
2 
The function Y(x) has a converging power series expansion when 1x1 < p”‘. 
The function L(x) satisfies the hypothesis of Lemma 3 in view of (2.4) since 
O<l,<U,. Furthermore I, = 0 ( 1 = u2 so L(p) < U@) = 1 (in fact 
L(p) = 0.59...). Thus the function (1 + L(x))-’ has a converging power 
series when 1x1 <p, so it follows from Lemma 3 that 
We may therefore apply Lemmas l(i) and l(ii) to the products on the right- 
hand side of (5.2) and conclude that 
nw, - nu,(l + Lb))-’ + 0@-w3’*) 
as n --f co. This implies the required result. 
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6. AN IDENTITY 
If HE V,, let a(H) = H U {H} and, more generally, let d(H) = 
a(&‘(H)) for k > 1, where a’(H) = H; notice that a(d(H)) = 2ka(H). If 
G E V,, then G is called a succsso~ set or a limit set according as there does 
or does not exist a set HE V, such that G = a(H). We adopt the same 
terminology with respect to the identity trees corresponding to these sets. 
Then u, can be interpreted as the number of forests, or collections, of distinct 
identity trees with a total of n - 1 vertices. Let g, denote the number of 
forests of not-necessarily-distinct limit identity trees with a total of n - 1 
vertices (we adopt the convention that g, = U, = 1). The following result is 
analogous to Euler’s identity which states that the partitions of n into distinct 
parts are equinumerous with those into odd parts [X, p. 2771. 
THEOREM 6. For n = 1, 2 ,..., u, = g,. 
ProoJ This follows upon observing that 
c u,x”- l = n (1 + XC(H)) = JJ 
1 _ -+H) 
H 
H 1 -p(H) 
= n (1 - xu(L))-’ = z g&--l, 
L 
(6-l) 
where the first two products are over all hereditarily finite sets H and the last 
is over all limit sets L. 
There is another presentation of identity (6.1) that suggests a natural 
bijection between (A) the forests of distinct identity trees with a total of 
n - 1 vertices, and (B) the forests of not-necessarily-distinct limit identity 
trees with the total of n - 1 vertices; namely, 
JJ (1 + P(H)) = n ((I + XO(L))( 1 + X++)))( 1 + X@(L)) . . . ) 
H L 
=nxx +a-)+&ju(a(L))+ &*“(“qL))+. . . 
where the first two inner sums are over si = 0, 1, for i > 0. Thus to go from 
(A) to (B), replace each successor tree ak(L) in a forest in (A) by 2k copies 
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of the limit tree L. Conversely, if there are m copies of the limit tree L in a 
forest in (B), where m = C 2ji > 1, replace them by single copies of the 
successor trees &l(L), c&(L),... . 
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